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1. Notation for unitary groups.
1.1. Let E be a totally real number field of degree d over Q and let JC be a totally imaginary quadratic extension of E; let c G Gal(lC/E) denote the non-trivial automorphism. We assume /C contains an imaginary quadratic field /Co, so that /C = /Co • E. We denote by S^ and Hjc the sets of complex embeddings of E and /C. Let D be a central simple algebra of dimension n 2 over /C, endowed with an involution, denoted c, that induces the Galois automorphism c on /C; i.e., c is an involution of the second kind.
We
define algebraic groups U(D) = U(D,c) and GU(D) = GU(D,c) over Q such that, for any Q-algebra i?,

U(D)(R) = {ge D*™ ®QR\g-c(g) = 1};
GU(D){R) =:{ge D opp (8)QR\g-c{g) = u(g) for some i/(g) G R x }.
Thus GU(D) admits a homomorphism v : GU(D)'-+ G m with kernel U(D). There is an algebraic group UE(D) over E such that U(D) -^> RE/QUE{D), where RE/Q denotes Weil's restriction of scalars functor. This isomorphism identifies automorphic representations oiU(D) and UE{D).
The groups U(D) (resp. GU (D) ) are all inner forms of the same quasi-split unitary group (resp. unitary similitude group), denoted UQ (resp. GUQ). The group UQ is of the form U(Do, x(*)o) where DQ is the matrix algebra and x(*) 0 is an appropriate involution. Then C/o,oo = C/(f, f ) [E:Q] if n is even, Uo l00 = U(^, n=i )[^Q1 if n i s odd.
Let G be a reductive algebraic group over the number field E. If v is a place of E we let C? v = G(Q V ); if ^ is archimedean we let g v -Lie (G v )c> We let G^ denote ridoo ^v? the product taken over all archimedean places of E, and let ^oo = Hvioo $vLet TT be an irreducible automorphic representation of G; i.e., an irreducible (goo, i^oo) * G(A^)-module that embeds as a submodule of the space of automorphic forms relative to the chosen maximal compact subgroup KOQ . We write TT (G, K) n Go/i(G, V). Let ^lo(G) denote the space of cusp forms on G. Let Rep(G) denote the set of equivalence classes of irreducible (goo,^oo) x G(A^)-modules. If TT G Rep(G) , we let m(7r) = dimfiom(7r,^lo(G)), where Horn denotes the space of homomorphisms of (goo,^oo) x G(A^)-modules. More generally, let S be a finite set of places of £7, containing the archimedean places (for simplicity) and let Rep(G) s denote the set of equivalence classes of irreducible G(A^5)-modules, where G(A^S) C G(A^) is the subgroup with trivial entry at every place in 5. We say We now fix a rational prime p that splits in /Co and an archimedean prime SQ of E. We choose a central simple algebra D^ over /C, with involution of the second kind c # . We write G = GU (D#,c#) , G' = U{D#,c#), and view G' alternatively as a group over Q or E. We assume that (1.1.1) G^ <* U(n -1,1) x [/(n)^]" 1 .
Moreover, if v is a finite prime, we assume that (1.1.2) GJ, = f/o, v if v does not split in JC/E.
In the applications, we will always assume D# to be a division algebra. We need another involution c* of the second kind on £>#; c* is a positive involution, so that the unitary group U(D,c*) is totally definite at infinity. The existence of such involutions is established as in the introduction to [HT2].
Open compact subgroups. Fix an open compact subgroup K = ll v K v C G(A0, and define (1.2.1) 6tf(Q =G(<Q)\G(A)/Z G (R) -K^ . K; 6(C) = lim&K(C);
the limit taken with respect to inclusion. Then &K is the locally symmetric space associated to G and its subgroup K. The structure of the projective limit 6(C) as the set of complex points of a Shimura variety will be recalled below. We will be working with specific choices of local subgroups K v . For any rational prime q that splits in /Co, we choose a maximal compact subgroup of G q in the form (1.2.2) Z 9 X x U G v , v I q the product being taken over divisors v of q in E. Here if w is a divisor of q in /Co lying above v and if D w is isomorphic to GL(a,B w ) for some factorization n = ab and some division algebra B w of degree b 2 over /C^, then G v can be taken in the form GL(a, OB W ) , where OB W is the maximal order of B w .
We choose a finite set Q of finite places of E", each dividing a distinct rational prime that splits in /Co, and an additional finite place {r} of E, also split in /C. Primes q G Q are assumed to have the property that, if q is the rational prime divisible by q, then q splits completely in E. We let Q(Q) denote the set of rational primes divisible by primes in Q. For q G Q we define ro, q = {k G GL(n, Z g ) | fc = ( 
. For q(t) sufficiently large, the locally symmetric variety &K(C) is smooth for K = KQ^Q or KI^Q. Moreover, for any s G G(A^) the groups s~1G(Q)s fl KQ^Q and s~1G(Q)s fl ^I,Q are trivial
Proof. The first assertion follows from the second. Let K = KO,Q or i^i,Q. Let x G s~1G(Q)s fl K for some 5 G G(A^). The subgroup of G(A) generated by x is both discrete and compact, hence finite. The group / r is pro-g(t) and it follows that £ is a root of unity of order a power of ^(r), lying in some extension field /C' of /C that admits an embedding in D#. The degree of /C' over Q is bounded by n[/C : Q], hence for q(x) sufficiently large we must have x = 1.
1.4. Cohomology. Let V be a finite-dimensional irreducible representation of Qoo, and let TT be an automorphic representation in Coh (G, K, V) . Let £ be a field of definition for V, finite over Q. Fix a rational prime £ and an embedding of £ in Q^, and let V^Q^) be the Q^-form of V defined by extension of scalars from £. Let
be the £-adic local system over &K associated to V and our chosen embedding of £ in Q^. The definition depends on K but the local systems for K' C K are compatible with the natural map &K , -^&K'> SO we omit K from the notation for Vg. We define ff # (6(Q,Vi)=Hnjff(6K(C),Vi).
Since TT/ occurs in the cohomology of the complex local system associated to V, it admits a form, also denoted TT/ over a number field E{TT). Let A be a prime of E(JT) dividing £, and let TT/^ = 717 ^(TT) E(7r)\', we apply the same notation to the local components of TT/. Let
Let TT be an automorphic representation of G. The restriction of TT to the unitary group G 7 , which can be viewed as an algebraic group over E, decomposes as a direct sum of irreducible automorphic representations. Any two summands have the same local components at any finite place w dividing a rational prime q that splits in /Co, since at such places the similitude map splits as a product G{Q q ) ~ G' (Q q The global Hecke algebra T is the tensor product over v G C<S + (Q) of the T v . If 5 is a finite subset of C<S + (Q), we let T s C T be the subalgebra generated by the T v for v £ S.
Shimura varieties and Galois representations.
2.1. Shimura varieties defined by twisted and untwisted unitary groups. Let E be a totally real field of degree d, /Co an imaginary quadratic field, /C = /Co • E. As in 1.1, we let G be the similitude group of a division algebra £># of dimension n 2 over /C with involution c# of the second kind (with rational similitude factor). We will always assume n > 2. The unitary group G' C G is assumed to satisfy (1.1.1) at real places and (1.1.2) at finite places; we let si denote the real place of E at which G' has signature (n -1,1). The field /Co is assumed to be given with a fixed complex embedding 1^0, and we let $ be the set of complex embeddings of /C inducing l)c 0 on /CQ. Then $ is a CM type of /C. Let ti G $ be the complex place above si.
We use $ to identify D# <g>Q E -^ M(n,C) d . In terms of this identification, we define ft* :
where the first matrix corresponds to ti. We may view ft* as a homomorphism with values in GR. Let X = X n -i be the GjR-conjugacy class of homomorphisms from i?c/ R G m) c to GR containing ft*. Then X has a natural GR-invariant complex structure which is isomorphic to the unit ball in C™ -1 . The pair (G,X) is the datum defining the Shimura variety 6 introduced in (1.2.1), and considered in [C2,K,H1]. As in [HI] , we see that the reflex field (Shimura field) E(G,X) is just £i(/C). These data are assumed to satisfy the determinant condition of Kottwitz, namely
We fix a maximal order
We consider two quadruples (A,i,\,f}) and (A',*/,A',/3') equivalent if there is an isogeny a : A -» A' which takes (A,£,/?) to {t\',L',$'), where t is a positive rational number. For K sufficiently small the functor AK is represent able by a smooth projective variety, also denoted AK, over E(G,X) [K2, §5] . For general K we take a normal subgroup of finite index K' C K for which AK 1 is representable and then let AK be the scheme-theoretic quotient of AK> by K/K'. Then the Shimura variety 6^, viewed as a scheme over Spec E (G, X) , is an open and closed subscheme of AK-More precisely, AK is isomorphic to a finite union of Shimura varieties of the form 6^, the number of Shimura varieties involved being given by the deviation from the Hasse principle for G (cf. [K2, §8; RZ2, ). In particular, 6^ is projective for all K, and is smooth provided K fi (0*) x = {1}.
Warning 2.1.2.7 Note that the level structure 0 defined here goes in the direction opposite to the level structures rj introduced in [HT2,IV.l], as well as in [K2] .. This convention, which is justified on Hodge-theoretic grounds, leads to a dualization in the associated Galois representations.
2.1.3. The level structures corresponding to the open compact subgroups of the form KQ^Q and i^i,Q, defined as in 1.2, deserve special attention. Recall that Q denotes a finite set of primes of E dividing rational primes q that split completely in /C, and such that D# is split at all primes dividing q. In particular, we may take L = Qg in (2.1.2.1); then (2.1.3.1) V®QL* 0M(n,/C")^ 0 MfoQ,) 2 ,
where w runs through primes of E (note: not /C) dividing q and the exponent 2 corresponds to the quadratic extension 1C/E. We let V w = M{n,K, w ) in the above decomposition. Recall that we are identifying /C with the subfield E{G,X) of C via ti. Then the first coordinate of /i$, in the representation (2.1.1), picks out one summand of (2.1.3.1), say the summand Vq corresponding to the prime w = q. Write Vq = V q (i) 0 V q (2), where q^1) and q( 2 ) are the primes of /C above w. These can be numbered so that
The corresponding maximal ideals of OJC are denoted m q (o, i = 1,2.
We let the q chosen in the preceding paragraph be the prime in Q dividing g, and we define Ko iq and Ki iq as in 1.2 with respect to this choice of w = q. Thus KT^Q = iir? j9 x i^, where ? 6 {0,1} and K q denotes the product of the level subgroups at primes away from q. Then the datum /? breaks up into g-primary and prime-to-g components, denoted in the obvious notation /3 q and (2.1.
respectively. First consider ifo.Q-We let ',13') . Then x is determined by the quintuple (A, A!,i, \,(3 q ) . By modifying our definition of /2, we can arrange to have an isogeny A-±A f , and then realize S^o.g
as ( an open and closed subscheme of) the moduli space parametrizing quintuples as above, with A-tA' an isogeny of a certain type. However, we do not need an actual isogeny. Let A be an abelian scheme over T as in (2.1.2.2), and let X g (i4) be the associated g-divisible group. Then X 9 (^4) inherits an action of (9# 02 Z 9 . Let q^2) be the prime of /C chosen above. Let 62 be an elementary idempotent in Af(n,Z 9 ), which we identify with 0* i2) = 6* fl D* {2 y Then 62
is a g-divisible group of height n, which we denote X(A)2. With our choice of q( 2 \ it follows easily from (2.1.2.6) and (2. , and X(A)2-^X(A / )2 is a g-isogeny of g-divisible 0 q (2)-modules of height n and dimension 1, the whole assumed to satisfy the determinant condition (2.1.2.6).
Here is an alternative definition of the moduli problem. Define X(A)i = ei •Xg(A) by analogy with X(i4)2 above, where ei is an elementary idempotent in O* {1) . We choose the pair (ei, 62) in such a way that the polarization A places X(A)i and X(i4)2 in Cartier duality. We consider diagrams of the form
where (^4, L, A,/? 9 ), (A',i', A', (Z?') 9 ) are as above. In particular A : A -^ A, X' : A' -t A'', are principal polarizations. We assume cj) and </>' are isogenies of degree q n , with the following property. Let </>: A-* A" and 0' : A'-tA" be the dual isogenies to </>, 0', respectively. Then Ker^') (resp. Ker(4>)) is generated over O^) (resp. O^) by a subgroup (72 C X(^/)2 (resp. & C X(i4)i) of order q. WeletCi,C2 C X^) bethe Cartier duals of Ci and (72, respectively. Then (f) (resp. 0') induces an isomorphism 02 :
2 (resp. r 7 : X(yl , )i-^X(A)i) with kernel canonically isomorphic to C2 (resp. Ci).
It is assumed that 0 and 0' are compatible with the (^-structure, in the sense that the induced isomorphisms of rational g-adic Tate modules are assumed to be (9#-linear. Finally, the two isogenies are assumed to be dual to each other, in the sense that Indeed, letting / : A"-+A" denote the map in (2.1.4.2), we see that
This implies ker(^) ^-> ker((//), which is equivalent to (2.1.4.3). In particular,
where Ci and C2 are defined as above. When K q is not assumed small, we can realize 6KO,Q as a quotient of a moduli scheme by a finite group, as above. In the same way, we obtain a modular description of 6/^: 2.1.4.5. For K q sufficiently small, the scheme 6^1,3 is an open and closed subscheme of the moduli scheme parametrizing quintuples
where (^4,*,, A) are as in (2.1.2.2-4), (3 q is.a level iiT 9 -structure as in (2.1.3.3), and 7 is an embedding over T of the constant group scheme Ojc/q^ in the g-divisible O q (i)-module X(i4 / )i, compatibly with the O q (i)-structures, the whole assumed to satisfy the determinant condition (2.1.2.6). By Cartier duality, 7 defines an embedding 7*:^^X(A) 2 .
Remark-Definition 2.1.4.6 The subgroup generated by 7 (resp. 7*) is the one denoted Ci (resp. C2) above. Thus taking the subgroup generated by 7 and forgetting the generator defines a map of functors to 6KO,Q-The quotient group KQ^Q/KI^Q -IlweQ k (w) x acts on the data (71^ | q 6 Q), hence as a group of automorphisms of 6KI,Q, with quotient &KO,Q-However, the datum (2.1.2.5) corresponds, not to 7, but rather to 7~1 (a map from a subgroup of X(A , )i to Ojc/q^). Now g G KQ^Q/KI^Q acts on the datum (2.1.2.5) by sending /? to gofi. It follows that, for w G Q, a G k(w) x acts on 7 by sending b *->-7(6) to b H> 7(a _1 6). For a G k(w) x , we thus define the diamond operator < a >G AI^(6KI,Q/©KO,Q) to be the image of a" 1 G KQ^Q/KI^Q. Then identifying 7 with the point P = 7(1), the diamond operator < a > takes P to a • P. The group of diamond operators is just KQ^Q/KI^Q, most frequently when Q consists of a single element.
2.1.5. Now let p be a prime of /C of residue characteristic p at which D # splits. Assume the rational prime p is unramified in /C. Then G(Qp) admits hyperspecial maximal compact subgroups. Suppose Kp is a hyperspecial maximal compact. Then Kottwitz has shown that <5K extends to a smooth proper scheme over Spec Op, representing the functor AK defined as in 2.1.2, but with the additional hypothesis that the polarization A of (2.1.2.4) is of degree prime to the residue characteristic (cf. [HT2, K2] ). In particular, the representation of Gal(Q/IC) on the £-adic cohomology is unramified at p, provided £ ^ p.
As observed by Carayol (cf. [Ca] ), the hypothesis that p be unramified in /C is in fact unnecessary, but the functor defined by 2.1.2 needs to be modified. Let A' be the lattice generated by A and A. Then the description (2.2.1.1) shows that, in the standard right action on lattices, we have
Now consider the correspondence Uq on 6^ Q x 6^ Q , defined in terms of the data 2.1.4.5 as follows: Let T be a scheme over E (G,X) and let x be a T-valued point of SJ^. Then x corresponds to a quintuple {A,i, A,/3 9 ,7 : O/c/q^ c -^ X^'Ji).
Of course 7 is determined by the q^-torsion point P = 7(1). Let A' be the abelian variety associated to A and to the isogeny p : X(A)2->X(A / )2 = X(A)2//m(7*), as in (2.1.3.6), where 7* : /ig->X(i4)2 is the Cartier dual to 7, as in 2.1.4.5. With respect to the Weil pairings defined by A and A', we have (2.2.1.3) (P,7*(C)) = CforanyCe/V
We consider the set G* of homomorphisms (7')* : fj Jq -^^(A , )2 such that, for any (2.2.1.4) (yr(c) = p(p),«p = 7*(c)-
Then Uq associates to x the set of quintuples (2.2.1.5) {(AV, A', (/?')",7')}-where 7' runs through the set of maps OK/^ ^ X(i4 / )i such that (7')* G G*.
LEMMA 2.2.2. The correspondence Uq zs induced by the Heche operator U q by the standard recipe [K2, p. 393] .
Proof. This is clear from (2.2.1.2).
2.2.3. For use in §3, we make explicit the diagram (2.1.4.1) associated to the image of the point (A', */, A', (/?') 9 > 7') i n ®KO,Q • We have replaced A by A', and then A' is replaced by an abelian variety B'', say, so that the diagram is
satisfying the analogue of (2.1.4.2).
A-adic representations on the cohomology.
We return to the situation of §1. Let 5C, Q, r, KI^Q, and V be as in 1.2. The primes in Q are denoted w rather than q, and the primes above them in /C are denoted wi and W2-As in §2.2, the identification r w ~ GL(n,Qq) for w G Q is made via W2, so that i^o,Q is upper triangular parahoric. Let TT E Coh(G, V) 
where ^ is the central character of TT and GtmXo is regarded as the subgroup ^GL(n,A:o) H G of G, the intersection taking place in GL(n,/C). Next, we let GE denote Gal(E/E), and define
to be the induced 2n-dimensional representation of GE, acting on the E(7T)X-module Indjc/sMx^f], For any prime v of Q that splits in JCQ and is unramified in /C, and such that IT V is unramified we let 0 V)7r : T v -> Efjr) denote the character by which the local unramified Hecke algebra acts on TT^. Let 5(7r) be the set of all such unramified primes, let T s be the corresponding global Hecke algebra, as in §1.5, and let ^ : T s -> E(7r) be the corresponding character; fa gives the natural action of T 3^ on 7r K . If w is a prime of E dividing some prime in 5(7r), we let
in the notation of (1.5.2). REMARK. The choice of wi in the above theorem is determined as in 1.5 by the choice of identification of G^ with a general linear group. The base change of TT to /C is conjugate self-dual, and one verifies that, if W2 is the other prime dividing w, then (})-7 T{P w ){q n~1 Frob~l) -0. Bear in mind also that the natural action on the cohomology of the Shimura variety is that of the Galois group of Q over the reflex field, and that there is an implicit identification of the reflex field with /C. An alternative way of phrasing this theorem is in terms of partial L-functions: there is a finite set 5 of finite primes such that we have the equality of Euler products
Here the right-hand side is the standard L-function with the unitary (Langlands) normalization; the superscript s indicates that factors at 5 have been removed. As mentioned above, we have normalized fp to make (2.3.4.1) true; cf. the discussion on p. 100 ff. of [HI] .
Proof The proof of this theorem is mainly due to Kottwitz, and is contained in [K2] . Specifically, Kottwitz proves there that rp(7r) is unramified outside S bad , except possibly at primes of /C ramified over Q. Moreover, Kottwitz determines the characteristic polynomial of Frobenius in [Kl] for almost all unramified primes. His original formulation includes an exponent for the (unknown) multiplicity. This exponent was removed by Taylor a few years later (cf. [HI, Let (a, Pi,...,/?n-i) 
Here B is an unramified representation and the inertia subgroup I w of Z w acts on A via the restriction to I w of the character associated to a via local class field theory.
One of the main results of [HT2] is the generalization of Theorem 2.3.4 to determine the restriction of r p (7T) to the decomposition group of an arbitrary prime of /C not dividing £, up to semisimplification. In particular, Theorem 2.3.5 is a weak version, in a very special case, of what is proved in [HT2] . We give another proof in this special case, based on a different analysis of the bad reduction. The proof of Theorem 2.3.5 requires a lengthy detour through the theory of moduli of p-divisible groups, and is the subject of §3.
3.0. Conventions. We will now study the Shimura varieties 6^ at certain places of bad reduction. The techniques of the present section undoubtedly generalize, but for the time being we will make a series of restrictive hypotheses. The notation is as at the beginning of 2.1. We fix a level subgroup K C G(Af) that satisfies (1.2.3), for g(r) sufficiently large. Let q be a rational prime that splits completely in /C and such that K = K q x K q , with K q C G(Qq) a maximal compact subgroup. We assume the division algebra JD # to be split at all primes of /C dividing q, and we identify K q as in 2.1.3 with (3.0.1) Z g x xJ]GL(n,a), the product being taken over divisors v of q in E. We let q be the divisor of q in E chosen in §2.1.3 and let q^ and q( 2 ) be the divisors of q in /C, numbered as in (2.1.3.2). We identify £?{, with GL(n,/C q (2)). Inside its compact open subgroup GL(n, O q (2)), which we identify with GL(n, Z g ), we define the open subgroups ro,q and F^q as in §1.2. Similarly, we define KQ^ and K^q as subgroups of G q . We let
We denote by < a >£ Aut(&Ki(q)I'&Kofa)) the image of a G F^ under the isomorphism (3.0.2). We will later have occasion to consider subgroups intermediate between
Ko(q) and K^q).
On the other hand, we will be studying the reduction of Shimura varieties over O q (i) C /C q (i). We will identify O q (i) with O q , which is isomorphic to Z q , and write gq = Spec (Oq) . N.B.: the divisors in /C of q used in the geometry and in the group theory are conjugate to one another! This is an inevitable consequence of our choice of Shimura datum.
Since the prime q will be fixed throughout this discussion, we will write KQ = Ko(q) and Ki = Ki(q) when there is no danger of confusion. We write 6^ and 6/^0 for the corresponding Shimura varieties over E (G, X) . We let Oq = OE 0Z Z 9 , SO that o,sn" k a.
3.1. Modular interpretations of &K and &Ko' AS indicated in §2.1.5, the Shimura variety &K has good reduction at all primes of /C dividing q. Let SK denote a smooth model of <5K over Sq and let p = PK • §>K -> S q be the natural map. Under our hypothesis that K satisfies (1.2.4) for q(x) sufficiently large, we have seen in 2.1.5 that p is a smooth projective morphism [K2, §5] . Moreover, S>K is (an open and closed subscheme of) a moduli space for abelian varieties with a certain PEL type. Indeed, with our choice of q, the moduli problem (2.1.2.2-6) is well-defined and represent able on the category of schemes over 5q, and 8 K is the corresponding moduli scheme. Note, however, that Kottwitz' determinant condition (2.1.2.6) must be interpreted as an equality of polynomials, cf. [K2,p. 390 Here by "ordinary locus" we mean the subscheme whose geometric points correspond to ordinary abelian varieties with structure (2.1.2.2-6).
The moduli problem defining &Ko is rather more intricate to describe. Our conventions will be those of Rapoport and Zink in [RZ2] . We will first define the moduli problem in their notation, then provide a brief translation into more familiar language. Let V = R^/^D*, K q = K <g>Q Qg, E q = E <g>Q Q^, V q = V <g>Q lC q . Let qW and q^ denote the two primes of /Co dividing g, and let
be the natural decomposition, with /C g (t) = nu|g( i ) ^u) * -1? 2, the product taken over primes of /C. There is a corresponding decomposition V q -^> V q {\) x V q (2), and the hermitian form < a, b >= Tr D #(ac(b)) (reduced trace) on V induces a duality between V^D and V q {2):
As in §2, we let q^1) and q( 2 ) be the primes of JC dividing q, with q^1) above g^1) and q^2) above q( 2 \ By a lattice in V q (i), i = 1, 2, we mean a free O^-submodule. The subgroup K q fixes a pair of lattices A; C V q (i), i = 1,2, that are placed in duality with respect to (3.1.3). The subgroup Ko tq is the stabilizer in K q of a unique sublattice Ai C Ai of index g; we let A2 D A2 denote its dual in V q {2). In general, if A C V q {i) is a lattice, we write A 1 -for its dual in V q (2). Let C denote the collection of all pairs of lattices (A, A-1 ), with A C V q (i), A 1 C V^), such that A is fixed by Ko tq . Then C is an example of what Rapoport and Zink call a multichain of (9 g -lattices in V q [RZ2, Def. 3.10] . More precisely, the set A 0 A 1 -C V q is the multichain, in the sense of [RZ2] , but in the present case the two notions are equivalent.
For future reference, we let Ci denote the pair of lattices A2 C A2 in V q {2). We will work in the category AV of abelian varieties up to prime-to-g isogeny. This is the category obtained from the category of abelian varieties by formally adjoining the inverses of all isogenies with kernel of order prime to q. It is a category whose sets of morphisms are naturally modules over the localization Z( g ) of Z at q. If A is an abelian variety we let A( q ) denote the corresponding object in AV. If A, A 1 are abelian varieties, an isogeny p : A^ -V M^ is a morphism such that np is an isogeny from A to A' for some integer n > 0 prime to q. The g-part of the kernel of p is well-defined and independent, up to canonical isomorphism, of the choice of representatives A and A' in the category of abelian varieties; we call it the q-kernel of P-A quasi-isogeny p : A( q ) -tA', ^ is a diagram of the form
where the two arrows are isogenies. We define
height(p) = height^) -height(ri).
Let AV 0 # denote the category whose objects are abelian varieties A^ up to prime-to-^ isogeny, given with an embedding
Of = 0#®Z {q )<-> EndA {q) .
The morphisms in AV 0 # are those morphisms in AV that respect the 0^-action. The g-divisible group X g (^4) of A G AV 0 # depends only on A( q y We define the g-divisible O q (i)-module X(A)i = a • X 9 (J4), i -1,2, as in 2.1.3. Recall that X(i4)2 is of height n and dimension 1.
An C-set of abelian varieties is a covariant functor from the category C (maps given by inclusions) to the category AV 0 # satisfying several periodicity hypotheses [RZ2, Def. 6.5] . In the present situation, it corresponds to a pair (A, A') of abelian varieties in the same isogeny class, determined up to prime-to-g isogeny, with PEL structures (2.1.2.2-4) and a ifMevel structure. We are also given a pair of isogenies p : X(^4)2 -> X(i4 / )2, pi : X(^4 / )i -> X(J4)I, in each case with kernels isomorphic over OJC to (9 q (i)/qW-modules C;, respectively, each of rank 1. It is assumed that Ker(p2) is the Cartier dual of Ker(pi) with respect to the polarization (cf. 2.1.3.6). We can express this by saying that there is a quasiisogeny A i^-A" -^-» A' with ri and r2 both isogenies of height n of O^-modules, such that ri (resp. r2) induces an isomorphism on X(»)i (resp. on X(«)2). In particular, A' is uniquely determined by C2, or equivalently by p, and by the condition that A and A' both admit actions by the same maximal order in O^ ®Z q . Thus we occasionally drop A' from the notation.
Rapoport and Zink [RZ2, Def. 6 .9] define a functor AK<I(£), a point of which over the 5q-scheme T is given by a quintuple as in (2.1.3.6). In the language of [RZ2] that respects the bilinear forms on both sides up to a constant in (Al)*. We also use the term £-set to refer to the triple (X(^4)2,X(^4 / )2,p). The above data have to satisfy the determinant condition (2.1.2.6), which is adequate because q is assumed unramified in /C. As remarked in [RZ2, p. i.e., a morphism Spec(K) -+ S^o of 5q-schemes, where 7^ is the algebraic closure of the residue field A;(q) of (9 q (i), which we identify with Oq. Rapoport and Zink have shown that the infinitesimal structure of the moduli space AK* (£)» and hence of the open and closed subscheme S^0, is determined in a neighborhood of x by the deformation theory of the ^-divisible 0^)( g )-module(s) attached to x.
We follow the discussion in [RZ2, 6.12] , to which we refer for a discussion of the crystalline data. The point x corresponds to a quintuple
of data (2.1.3.6). Let KQ be the field of fractions of the Witt ring W(7c), with canonical Frobenius operator <J, and write S q = Spec (W(jZ) ). Let N be the isocrystal associated to A x by the covariant Dieudonne functor. There is an isomorphism of polarized /C 0 i^o-niodules (3.2.2)
N^V®KQ
The crystalline Frobenius operator 0 on N corresponds under this isomorphism to the operator b ® a for a (unique) b E G(KQ). TO these data we can then associate a (crystalline) PEL type (3.2.3) (*,^) ((?) ,y, 6, //,£),
where // is the minuscule cocharacter of G corresponding to the Hodge decomposition (2.1.2.1). The data (3.2.3) determine a formal scheme M which is a moduli space, on the category Nilps q of 5q schemes on which q is nilpotent, for £-sets (X,X') of qdivisible C^^-modulets) with PEL structure analogous to (2.1.2.2-4), endowed with quasi-isogenies (3.2.4) />:(X,X')-►(X(4 B ) > X(4 ! )).
For any such >C-set (XjX') of g- 
of formal schemes over Spf(W(K)). Here T(x) is the formal completion of §Ko along T(x).
The statement in [RZ2] concerns the whole isogeny class containing x, which is a union, generally infinite, of closures of subschemes of the form T(x). We are only concerned with the etale local structure of 8K 0 in a neighborhood of x, hence the above formulation suffices for our purposes.
It follows that the nature of the singularities of of Sf^, if any, is encoded by the singularities of the connected components of the formal scheme M. Let X*(G) denote the group of Qp-rational characters of G. Rapoport where Mi is the moduli space of EL type, in the terminology of [RZ2, §3] (see below), parametrizing >Ci-sets (Xi,Xi) of g-divisible O^^D-modules of height n and dimension 1, rigidified by a quasi-isogeny pi to the fixed £i-set (X2(Ac)5X2(^4^)). Here by £i-set we just mean a pair (X2,X2) as above connected by an isogeny X2 -> X2 of degree q (cf. the definitions following (3.1.3)). By the discussion preceding Theorem 3.2.7, we see that this morphism is just the forgetful map "forget A2". The set of possible A2's is a principal homogeneous space under Q^ /Z*, thus the map fi is etale. Moreover, if M 0 C M is a connected component, / induces an isomorphism
. Thus we have COROLLARY 3.2.9. In Theorem 3.2.7 M can be replaced by Mi. Now we are reduced to studying the singularities of Mi. We begin by recalling the definition of the EL data defining Mi. We are given the Qp-algebra lC q (2), its maximal order O/c,^), the free rank n JC q (2) -module V^), and its rank one submodule V 0tq (2) . To these data is associated the group G2 = GL(n)/IC q {2). We are also given the crystalline Probenius 02 = 01^(2) 0 KQ with respect to the isomorphism (3.2.5), and hence the image 62 of the element b e G(KQ) under the natural map G-+G2 (forget the similitude factor). However, the structure of possible singularities is independent of 62-More precisely, Rapoport and Zink define a local model M /oc , a projective formal scheme over Spf (W(K) ) depending only on the data (/C g (i),(9/^(2),V q (2),V lyq (2) 
. Then there are a complete local smooth W(~K,)-algebra S and an isomorphism M'oc _^ Spf(S{[u,v]}/(uv-q)) of formal schemes over Spf(W(K,)). In particular, M /oc is regular and flat over SpfCWfi)), and its special fiber has only singularities of the form (smooth) x (ordinary double point).
Proof. The proof proceeds by making the local equations for M /oc explicit. Our approach is similar to that of de Jong in [dJ] . We work over W(K) . If T is a W(lt)-scheme, the points of M /oc with values in T are given by the data (a) and (b) of Definition 3.2.11. In particular, if T is in characteristic zero then the homomorphism £A2 ~^ ^ is necessarily an isomorphism.
We choose bases {e, ei,..., e n _i} and {/, fi,..., /n-i} of A2 and A2, respectively, so that e = qf, ei = fi, i = l,...,n-1.
These bases identify the projectivizations ^(A^) and P(A2) with projective space F^T 1 . Let {X,XL,. . .,X n _i} and {YiYi,... ,^-1} be the corresponding sets of homogeneous coordinates. The quotients £A' of ^2 0Zq Or defines a T-valued point of F(A / 2 ); likewise ^2 defines a T-valued point of P(A2). The compatibility condition is that these two points are identified to the same point in F^"
1 . Assume T = Spec(R) to be affine and let (a;, #1,..., x n -i) and (y, yi,..., t/n-i) be their expressions in the homogeneous coordinates defined above, with the x's and y's in R; then the condition is that (qx,xi,. .. ,# n _i) and (y,yi,... ,yn-i) It suffices to consider a geometric point z of M. loc,i in characteristic q. Let R be a complete local ring with residue field K and let the x's and y's be local homogeneous coordinates near z, as above; we may assume the Vs and y's lie in R. The condition z e M /oc ' e ' corresponds to the condition that the rows of (3.2.12.1) be proportional with a factor of proportionality a invertible in R. Consider the inhomogeneous coordinates. There are essentially three possibilities:
(a) xi is a unit, yi is a unit. Let
The inhomogeneous equations are y' = x t ; x'j =y' j J > 1, and these are always smooth.
(b) yi is a unit for some i > 1. Without loss of generality we may assume i = 1. Then the invertibility of a implies xi is also a unit, and we are reduced to case (a).
(c) 2/ is a unit. This is impossible because y = aqx with a invertible and x G R. It is case (c) that gives rise to the singularities of M /ac outside M. loCii . The following theorem appears to be the natural generalization to higher dimensions of the well-known theorem of Deligne and Rapoport on the local structure of the modular curve Xo(q).
THEOREM 3.2.13. The moduli scheme §>Ko is regular and flat over S q , and its special fiber is a union of smooth divisors with normal crossings. Moreover, if x is a singular point of the special fiber then the formal completion SKO,X is isomorphic to a formal scheme of the form Spf(S[[u,v]]/(uv -q)), where S is a complete local smooth Oq-algebra.
Proof The properties in question are local in the etale topology. Thus it suffices to verify the theorem after base change to W(K) . The Theorem is thus a consequence of Theorem 3.2.7, Corollary 3.2.9, Proposition 3.2.10, and Proposition 3.2.12.
The following proposition is a strengthening of Proposition 3.1.1.:
.14. Let i : y -> Sq be a geometric point lying over i, and let ^Ko.y = y Xs q §>Ko denote the corresponding geometric special fiber. The ordinary locus is open and dense in every irreducible component ofS^o^-
Proof First note that the forgetful morphism §Ko,2/ ~> §>K,y is finite, i.e. has finite fibers. Indeed, let # be a geometric point of Si^) 2/ , corresponding to an abelian variety A x ; then the points of §Ko,y above x correspond to the rank 1 (9 q (2)/q( 2 )-subgroup schemes C2 C ^ [q^] . But the connected part of the finite flat group scheme ^[qt 1 )] is of dimension one. It follows easily that the set of possible C2's is finite.
On the other hand, it follows from Theorem 3.2.13 that every irreducible component §#0,2/ is of dimension n -1. Combining these two facts with Proposition 3.1.1, we see that no irreducible component of SKo,y lies entirely over the complement of the ordinary locus in S/^y. The assertion now follows from Proposition 3.1.1.
REMARKS. The results of this section were obtained in 1996. Analogous results for Iwahori level were known to Rapoport previously (cf. [R] which, however, only treats places where the division algebra is ramified). General parahoric levels and general signatures have since been treated by Gortz [G] , and Theorem 3.2.13 is now regarded as the trivial case.
Counterexamples due to Stamm show that the analogue of Proposition 3.2.14 is not valid in the generality of [Wei] . However, the present case has also been considered in [We2] , where Wedhorn obtains a congruence formula related to the one proved in section 4.2, below. Proof. First, suppose Ker p x is of multiplicative type. Since ^[qt 2 )] is onedimensional, it follows that x is in the ordinary locus and Ker p x is the full g-torsion subgroup X(i4)2[g] of the formal group X(i4) § (cf. 3.2.4). Let ( §K) 0 , resp. ( §0° denote the ordinary locus of §/<-, resp. §Ko-The former is an open and closed subscheme of the moduli space AK for triples (A, A,/?) as in 3.1.4, and the functor "forget p : X(^4)2->X(^4 / )2" from AK<I{£) to AK restricts to the canonical map / : X^-^SK) 0 . Then the map / admits a section:
where p : Xi-^^/X^)^] is the tautological map and A' is determined by A and Ker(p) as in the discussion preceding 3.1.4.1. Since S>K is smooth, it follows that X^ is smooth, hence £ is a smooth point.
To treat the etale case we need to recall briefly how Proposition 3.2.10 is proved. Let (X2,X / 2; 1 p2) be the universal rigidifiedXi-set of (/-divisible Ojc q (2)-modules over .Mi, in the notation of (3.2.8). Let Nilp w^ be the category of Wfe) schemes on which q is locally nilpotent. Let Af be the functor on Nilp w^ such that, for 5 G Nilpwot), J^(S) is given by triples ((X2,X£);p2; (72,72))-Here (P^X'a);^) £ Mi(S) and
is an isomorphism of >Ci-sets of (9s-modules, where M(«) denotes the crystal associated to the ^-divisible Ofc^w -module •. Then M is representable by a formal scheme. The forgetful functor defines a formally smooth morphism N-^Mi.
Consider the morphism ^ of functors that to the triple ((X2,X2);p2i (72,72)) associates the composite morphism of £i-sets:
Here the first arrow is given by (72 5 72)~1> while the second morphism is given by the theory of Grothendieck and Messing [Me] . Then ^ defines a morphism ij) : J\f->M. loc (cf. [RZ2] , p. 90). Let x G Mi be a closed geometric point, and assume the corresponding morphism X2,a;->X2 3. is etale. We need to show that a: is a smooth point of Mx. Rapoport and Zink consider a certain class of sections 5 of Af->Mi on pointed etale neighborhoods (U^y) of (.Mi,a;), which are called rigid of the first order [RZ2, p. 91 SKQ- Proof. Let a; be a singular point of SK 0 contained in X m . We replace SK 0 by an appropriate etale neighborhood of x, which we may take to be isomorphic to Spec (R) , R = 5[W,V]/(TXI; -g), with notation as in Theorem 3.2.13. It follows from Theorem 3.2.13 that x lies on the intersection of two smooth irreducible components of the inverse image in Spec (R) of X m , say Di and D2. Following a suggestion of de Jong, we use the Tate-Oort theory [TO] to describe the group scheme of prime order Ci niv in a neighborhood of x. We may assume u to be a local parameter for Di and v a local parameter for D2. Let C denote the pullback of Ci nw to Spec (R) . Since R is affine it follows from the main theorem of [TO] that C is determined by a pair of elements z, y € R with xy -q, and that C is etale on the subset of Spec(R) where x is invertible. But our hypothesis is that C^7 1 ™ is multiplicative, hence Ci nw is etale, on the non-singular locus of Di U D2. Since SKQ is regular, the subvariety defined by the vanishing of x is purely of codimension one. Thus x is invertible in R, and C is etale on Spec (R) . But then it follows from Lemma 3.3.2 that x is not a singular point. The argument for X4 is analogous. REMARK 3.3.4. Let R be a Z q algebra. The Tate-Oort theory actually classifies group schemes of order q over Spec (R) by elements a and b in R such that that ab = w q , where w q = vq for a certain explicit unit v in Zg. Our parameters above are x = i/~1a y y -b. The distinction is important for the group structure but not for the local geometry. Thus we let Gnix^y) denote the group over Spec (R) associated to (a = vx, b = y) Spf(S[[u,v] 
]/(uv-q)) be a local model for the formal completion ofSK 0 along s, in the notation of Theorem 3.2.13. Then s lies in the intersection X m fl Xi, and, up to interchanging u and v, u is a local equation for X4 and v is a local equation for X m . Moreover, in the Tate-Oort classification for the pullback C of Ci ntv to Spf(S[[u,v]\/(uv -q)), we have C ~ GR{x,y), with R = S[[u,v]]/(uv -q), x = au, y = a~1v, for some a e (S[[u,v]]/(uv-q))
x .
Proof. Only the last statement needs justification. But in the Tate-Oort theory, x (resp. y) vanishes precisely where Ci niv is not etale (resp. multiplicative). Thus the variety defined by x is the subset X4 where C^m u is not multiplicative, so x = au for some a G (S [[u, v] ]/(uv -g))
x , and we conclude by recalling that xy -q = uv. We now turn to the moduli scheme &Ki-Let C + denote the complement of the zero section of Ci nw over the generic fiber (&Ko);c q -Then C + tautologically represents the functor fT-valued point/:T^(6Kok q 1 (3.3.5.1)
T H+ I ^ a generator of f+ip?™) over TJ On the other hand, just as in the elliptic modular case (3.3.5.1) is represented by ©Ki over ^Cq (cf. 2.1.4.5). Thus in order to obtain a regular model for ©^ over 5q it will be enough to find a regular model for C + . We do this explicitly using the Tate-Oort equations. Proof. We define S^! to be the normalization of S^o i n C + -All assertions are local on §/r 0 , so we can work over a neighborhood of a geometric point s of the special fiber SKQ-There are three cases to consider. Now we recall the Tate-Oort local equations for GR(U,V). On p. 13 of [TO] are introduced parameters U and y such that, setting Xi = w q U 1~q , X2 = C/ 9-1 , and Y = U^y, and working on the formal completion of Spec S [u,v]/(uv -q) , we have
defines an injective map from the ring on the right-hand side of (3.3.7) to the direct product of two rings RQ and i?*, where
Dually, we have a surjective morphism (u,v) . Proof. The first part of the proof of Proposition 3.3.6 showed that we can take the universal group scheme C over SKO to be etale locally isomorphic to GR(U, V) . Let i?o = 'Lq[u^v}l{uv -q) . Then GR(U,V) is the base change from RQ to R of GR Q {U,V), and it suffices to work over the base i?o, a local curve over Spec (Z q Proof. The action of the diamond operators < a > on S^ (q), in terms of (3. 4.1 Calculations of vanishing cycles. Let rj = 5pec(/C q (i)) be the generic point of Sq, rj the spectrum of the algebraic closure of /C q (i), j : rj ; -> 5 q the natural map. We write Gal(rj/rj) for Ga/(/C q (i)//C q (i)), and let I C GaUjj/rj) denote the inertia subgroup and P C I the wild inertia subgroup. The next step is to study the £-adic cohomology of ©/^(q)^ = ©^(q) x^ rj as a module for Gal(rj/r}), by comparing it to the £-adic cohomology of the special fiber. It follows from Proposition 3.3.7 that the model SKI satisfies hypotheses (i)-(iv) of [RZ1, (2. 2)], and that each irreducible component of the special fiber occurs with multiplicity prime to q. Then Grothendieck's purity conjecture [SGA 7, I, §3] follows from [RZ1, (2.21) ]. It follows that the calculation in [SGA 7, 1, 3.3] of the sheaves of tame vanishing cycles is valid.
4.1.1. We follow the notation of [RZ1] and let Rty q Qt denote the qth vanishing cycle sheaf. By [RZ1, (2.23) ], the vanishing cycle sheaves and the tame vanishing cycle sheaves coincide under our present hypotheses. We recall the calculation of R^tQe in the case at hand, which we will treat abstractly.
Consider a regular scheme X, flat and of finite type over 5 q , with smooth generic fiber X v and special fiber X s . The special fiber is assumed to be etale locally of one of the following types: 4.1.1.1. X s is smooth. This corresponds to a neighborhood of a point in Y m not in Yi. Then the regularity of X implies that X is smooth. In this case R^qQi. = 0 for <7>0, R^0Qi =<&. [y,y~1] . The second factor is smooth over Z g , hence ( < R^qQi)x , is the pullback from R^q for the finite flat morphism Spec O-^Spec Z g . The morphism is of relative dimension zero, hence R^q = 0 for # > 0, and it is elementary to see that i?^0 is the group algebra Qg[/i 9 -i], with the inertia group of O over Z g acting as jl q -l.
It follows that RWQi = 0 for q > 0, and that i^Qg is a lisse £-adic sheaf of rank q -1 on X Syre( i that becomes constant over X^ red . Moreover, since Gal{X'/X) acts as the inertia group on the first factor of (4.1.1.2.1), one sees easily that the canonical action of Gal(X'/X) on {R^0Qi)x' identifies the latter with the group algebra Q^Ga/pT/X)]. It follows that (4.1.1.2.2) mOQi-^n+Qt.
The inertia group /x g _i still acts on i?^0, and we have seen that the lift of this action to X' s red coincides with the action of Gal{X'/X). We write Proof. By Lemma 3.3.10 the diamond operators act trivially on (Y^) r ed and (Ya)red> so it suffices to determine their action on R^Qe and on R^Qt.
We first determine the action on i?^0^. By the calculation in (4.1.1.2), we see it suffices to determine the action of the diamond operators on H 0 (Spec(Q q (&Q q Qq[Cq] iQi), via the identification of Qg [Cg] with the generic fiber of fi q and the latter with Ci niv in (4.1.1.1-2). But the diamond operators on /i 9 are tautologically given by the cyclotomic character.
As for the action on R^Qt, this is again local. But locally the calculation in (4.1.1.3) shows that R^Qt is a constant sheaf, so the triviality of the action of the diamond operators is clear. Proof The first isomorphism is a consequence of the preceding lemma. The second isomorphism follows from the fact that the diamond operators act trivially on the complement Y m n Y^ of Y° inYs.
4.2. The congruence formula and proof of Theorem 2.3.5. As explained in §2.2, the double coset U q defines a correspondence U q on &K 1 ((\)rfX^Ki{^rf' Its modular interpretation in characteristic zero has been described in §2.2. An alternative description will be useful in defining its reduction (mod q). Consider the finite flat group scheme X(A) ' bears the same relation to A' and /m((7 / )*) € X( J 4')2 that A' bears to A and Jm(7*). Recall that P and P' determine P c = 7*(C) and P^ = (7')*(C) as in (2.2. This subset is independent of the choice of £ and defines a closed relation on the set of(P,P')€X( J 4')iMxX((A')')iM. We combine these observations as follows. Let [g -1 ]! denote the image of q" 1 in GL(n,/Co )9 (i)), which we embed diagonally in GI/(n,/C g (i)). This is a central element of G(A/), hence induces automorphisms of all Shimura varieties at finite level that extend trivially to &Ki(q)r)-Bearing in mind that inclusions of lattices induce maps of abelian varieties in the opposite direction, we conclude that 4.2.7. We need to explain how to relate the cohomological correspondence defined by Uq in characteristic zero to the finite correspondences calculated above over Y? and y^. This is somewhat delicate, since the base scheme §Ki has a singular special fiber and we have not determined the structure of Uq over the singular locus. Fortunately, we are only interested in the action on R^0. It is convenient to write 
X#Xo
We consider the first map of (4.1.2):
bi : WiSK^R^Qe) -> #•(©*!(q)tr,Q*).
We need to find a cohomological correspondence Uq on R^0Qe such that We define U^ on the separate summands on the right-hand side of (4.2.7.1). On the summand Q^ one just takes the natural cohomological correspondence (pullback followed by push-forward) defined by the proper correspondence Uq. Recall from Corollary 4. ,L[x] ). Extending scalars to 5q, we can use the model S^, and define a correspondence Uq on S^ x S^i as above. We have seen that ii^Q^ = Q^ (4.1.6), hence we can define Uq again as the natural cohomological correspondence on i?^0^ . This commutes with the action of the diamond operators, hence for each x defines an operator on iJ 
4.2.9.
Proof of Theorem 2.3.5. We can now complete the proof of Theorem 2.3.5. We are given an automorphic representation TT that contributes to iJ 71-1 (©^i (q)rfi Qte) but has no Ko(q)-Gxed vector; i.e., we are in case (b) of Proposition 1.4. Let {a, /?i,..., /?n-i} be the characters defined there, so that a is tamely ramified and the /?; are unramified. Let x denote the restriction of a to the inertia subgroup; thus x coincides with the action of Ko(q)/Ki(q) on the .ZiTi(q)-fixed vectors in TT. In particular, and bearing in mind the discussion in 2.1.4.6, TT On the other hand, the restriction to inertia of ^ is the same as that of a, namely xIt follows from Lemma 4.2.8 that 4.2.9.1. Geometric Frobenius coincides with Uq on A. Moreover, inertia acts as X on A.
4.2.9.2.
The representation at q^1^ on B is unramified. These two assertions complete the proof of Theorem 2.3.5.
